In this paper we find a host of boost operators for a very general choice of coproducts in AdS3inspired scattering theories, focusing on the massless sector, with and without an added trigonometric deformation. We find that the boost coproducts are exact symmetries of the R-matrices we construct, besides fulfilling the relations of modified Poincaré -type superalgebras. In the process, we discover an ambiguity in determining the boost coproduct which allows us to derive differential constraints on our R-matrices. In one particular case of the trigonometric deformation, we find a non-coassociative structure which satisfies the axioms of a quasi-Hopf algebra.
Since neither the massive nor the massless excitations have a relativistic dispersion relation, a natural question arises regarding the existence of any remnant of Poincaré symmetry after gauge-fixing the reparameterisation freedom of the string sigma model. This question was addressed in the context of the scattering problem in AdS 5 × S 5 in [20] and revisited more recently in [21] . We can also pose the same question in the context of the AdS 3 /CFT 2 correspondence, where it has already been studied in [22, 23, 24] for the AdS 3 × S 3 × T 4 background. In particular, in [25, 26] a new variable was found which allows to recast the complete non-relativistic massless S-matrix (inclusive of the dressing factor) in a way which not only displays manifest difference form, but it also attains the exact same analytic expression as in the near (left-left and right-right moving) BMN limit [14] . In all cases a suitably modified Poincaré symmetry was found and boost operators were identified, although several proposals were made each with different defining features.
Here we will revisit the AdS 3 × S 3 × T 4 scattering problem from a new perspective and attempt to incorporate the different proposals within one and the same unifying framework. We will also investigate why the difference form achieved by [25, 26] seems to be tied to a very specific choice of braiding factor in the coproduct 1 . In doing that we will discover an interesting and unexpected relation between certain ambiguities in the definition of the boost operator and the very structure of the R-matrix.
Furthermore, we will investigate the existence of the boost in a particular Yang-Baxter deformation of the AdS 3 × S 3 × T 4 background known as eta-deformation [27, 28] , see also [18, 29] .
This article is structured as follows. In section 2 we review the su(1|1) 2 vacuum-preserving subalgebra of the full su(1, 1|2) symmetry of the AdS 3 ×S 3 ×T 4 background, and the modified Poincaré algebra built upon it. In section 3 we will study the different R-matrices and boost operators we can construct for different choices of the coproducts of the su(1|1) 2 generators. In section 4 we perform the same analysis for the q-deformed algebra U q [su(1|1)], which is the vacuum-preserving subalgebra of the eta-deformed version of the AdS 3 × S 3 × T 4 background. Here we discover that one of the possible coproducts we can assume generates a non-associative coalgebra, which represents a generalisation of the traditional construction one expects in this case [30, 31, 32] . In section 5 we summarise our results and present some concluding comments.
Modified Poincaré algebra in AdS 3 /CFT 2
In this section, we present the first (undeformed) algebra we shall be dealing with. For full detail, we refer to [22] , whose conventions we shall follow. We will be concerned with the massless sector of the AdS 3 scattering theory, either in the case of AdS 3 × S 3 × T 4 or AdS 3 × S 3 × S 3 × S 1 superstring theory background, since the conclusions we will be making are valid for both. We will consider (one copy of) the psu(1|1) 2 scattering problem for massless particles, fixing the worldsheet right-movers for definiteness.
The dispersion relation of such particles is given by
where E is the energy and p the momentum. The other Lie superalgebra generators satisfy the following modified Poincaré superalgebra (anti-)commutation relations
where 2 A = L, R. Apart from the generators we have introduced, we are interested in centrally-extending the algebra in the following way
3)
The fundamental representation we will keep using throughout the paper is the 1|1-dimensional one, composed of one boson |φ and one fermion |ψ . The fermionic charge of such states is accounted for by the hypercharge B operator
4)
B|φ = i|φ , B|ψ = −i|ψ . (2.5) From these commutation relations we can write a particularly useful representations of the boost
This algebra is well defined when we consider the two copies separately, however the question on how a boost of one handedness 3 acts on a generator of the opposite handedness proves to be a difficult issue
we plan to address it in the future. Meanwhile, in this article we will work only with the fundamental representation 4 , defined by the following action of the supercharges on the states 7) where H L ≡ H R ≡ H. Thus, combining it with the representation of the boost given above, we can write the following relations
Regarding the coproduct of these generators, one possible choice for the ones for the original psu(1, 1|2) 2 ⊃ su(1|1) 2 algebra is given by
We thank J. Strömwall for pointing out the correct commutation relations. In [22] the relations (2.2) are extended to the (L, R), (R, L) cases, however the boost-coproduct for mixed handedness L vs. R does not extend algebraically, but only in the specific representation considered in [22] . We shall reserve a detaled analysis of this issue for future work [33] . 3 We remind that we define handedness as the L, R label of the algebra generators. 4 By the results of [18] one may argue that the two-dimensional modules are in fact sufficient to construct all other modules in the representation theory of centrally-extended su(1|1) 2 .
Notice that the Cartan generators H A are also compatible with the coproduct∆H A = H A ⊗ e −ip/2 + e ip/2 ⊗ H A [25] because we are working in the massless limit, although it may not seem to be consistent with the commutation relations. Precisely, in the massless kinematics one can prove that
for any state |Φ .
Regarding the modified Poincaré structure, two different coproducts have been studied for the boost operator in [22] and [25] , respectively
We can add to these a third coproduct which, to our knowledge, has not been proposed in the literature 11) where 2∆∂ p = ∂ p ⊗ 1 + 1 ⊗ ∂ p and ∆H A was given in (2.9) . If we substitute in ∆ 1 and ∆ 2 the differential form of J A given in equation (2.6), we can see that, ignoring the fermionic tails for the moment, they produce differential operators which are distinct from one another, and both distinct from ∆ 3 . Nevertheless, all three differential operators give the same result when applied to ∆p and ∆H A .
The reason behind the consistency between these three different coproducts is that the difference between them boils down to a term proportional to ∂ p ⊗ 1 − 1 ⊗ ∂ p (if we disregard again the contribution involving fermionic generators), an operator whose kernel is the polynomial ring in ∆p. Notice that both ∆H L and ∆H R live inside this polynomial ring because they fulfil ∆[H A (p)] = H A (∆p). Thus, the bosonic sector of the algebra is annihilated by this operator, and the three choices of coproduct for the boost give the same result when applied to any bosonic generator.
In addition, the term ∂ p ⊗ 1 − 1 ⊗ ∂ p these coproducts differ by is also responsible for the presence or absence of a particular tail involving fermionic generators. This combination of supercharges appears in order to make the coproduct of the boost consistent with the fermionic sector of the algebra. One can easily check that 12) and similarly for S A . This contribution can be absorbed in the coproduct of the boost operator by adding a fermionic tail of the form
Instead of proceeding as in [22] and [25] , which eventually produces differential equations satisfied by the massless AdS 3 R-matrix and determines its difference form, we choose here to characterise the coproduct by further constraining it to satisfy pure quasi-cocommutativity with the R-matrix, i.e. 14) where ∆ op is the opposite coproduct, obtained by applying a graded permutation of the two spaces 5 .
Interestingly, we will see through the rest of this article that usually it seems to be enough to impose the condition 15) for the other equations codified into the quasi-cocommutativity condition to hold. The second equality was obtained using the freedom in choosing a global scalar factor of the R-matrix to set φφ|R|φφ = 1.
General undeformed braiding
In order to better understand the rôle of the boost J A and how to fix their coproducts, we are going to consider a more general set of allowed coproducts, i.e.
where a, b, c and d are real constants 6 . The expressions for ∆Q R and ∆S R should be constructed so the representation (2.7) is consistent. Although we can redefine S L and Q L to fix two of the coefficients a, b, c, d, and in general we can perform a twist to connect with the traditional form of the coproducts, we are going to keep the general braidings explicitly, as they will prove important for our discussion.
We will focus only on the effects of the boost operator on the fundamental representation previously defined, thus the centrally extended superalgebra C⋉su(1|1) 2 ⊕C 2 effectively behaves as just C⋉su(1|1), and we can drop the handedness label from our generators.
Starting from our new general form of the coproducts and our representation for the supercharges, we need to recalculate the R-matrix, and possibly depart from the actual AdS 3 scattering theory for a moment. It turns out that we can still assume that the R-matrix has the form
If we impose the quasi-cocommutativity condition with respect to Q and S we obtain six constraints (we get eight equations but two of them are redundant) although we have only four variables. Hence, this system of equations does not have a solution unless the variables involved in the braiding of the coproduct of the supercharges take some particular values. If we look for such cases, we can indeed identify three different families of consistent braidings 7
1. The family a + b = c + d, which contains as special cases the trivial braiding a, b, c, d = 0 and the braiding most commonly used in the literature, a = −b = −c = d = −1. We will call this family bosonically unbraided, as we can always get rid of the braiding in the coproduct of the bosonic Cartan element (the energy) via a redefinition of the generator itself.
2. The family a + b = 2 and c + d = −2, which corresponds to a generalisation of the coproduct studied in the series of articles [22, 24, 25] and presented in section 2. We will call this family bosonically braided, as the coproduct of the energy is braided. 6 We shall work with the universal covering of the physical region and not worry, for our current purely algebraic purposes, about the domain of periodicity (see footnote 3 in [22] ). We postpone a thorough treatment of the interplay between the results of this paper and the physical region of momenta to future work. We thank Roberto Ruiz for discussions about this point. 7 We recall that performing twists does in general change the physics, so we will consider these families as inequivalent.
3. The family a + b = −2 and c + d = 2, which can be obtained from the second family via the parity transformation p → −p.
It is important to stress that the existence of just these three families can be understood in a natural way from imposing the coproduct of the energy H = {Q, S} = h 2 sin p 2 to be cocommutative [3] , i.e., invariant under the exchange of the two spaces. The coproduct of this generator is given by
and imposing ∆H = ∆ op H gives us only the three possibilities listed above 8 . The other two central elements do not contribute with further constraints because they are equal to H in this representation.
In the rest of this section we construct and study in detail the coproduct of the boost operator for the second and first family, respectively.
The bosonically braided family
The bosonically braided case has the added feature of having the coproduct of the energy to be functionally consistent with the one of the momentum [22] , namely, ∆H(p) = H(∆p). Before any analysis on the boost operator, we have first to solve the quasi-cocommutativity condition for the R-matrix with respect to the fermionic charges. For this family of parameters, we get
where we have parameterised our braiding as a = 1 + x, c = −1 − y for convenience. However, despite using the quasi-cocommutativity condition to compute this R-matrix, it does not fulfil the Yang-Baxter Equation (YBE) for all the values of the parameters. In fact, only the subfamilies given by x + y = 0 and x + y = ±2 fulfil the YBE. These subfamilies of R-matrices also satisfy braided unitarity, although only the first one satisfies physical unitarity and behaves well under crossing. Interestingly, the condition x + y = 0 is also the restriction we have to impose on the R-matrix for it to be of difference form (up to phase factors). We elaborate on this in appendix A.
To compute the coproduct of the boost operator we can start by writing the ansatz (3.5) and impose it to be consistent with the algebra, which can be reduced to impose only the commutation relations of the boost with the momentum and the supercharges. The commutation relation with B is 8 From here we can see that, if we take the energy to be instead H ∝ e iαp/4 − e iβp/4 , the second and third families
trivial as our ansatz does not include fermion-number altering terms, while the commutation relation with the energy is fulfilled automatically after imposing the commutation relation with the supercharges.
This procedure does not fix all the functions involved. A is completely fixed, but the equations we obtain can only fix three of the five remaining functions, for example D, F and G in terms of B and C.
Furthermore, the |φφ component of the quasi-cocommutativity condition is not enough to determine all the remaining ones in this particular case, but it can be used to fix C in terms of B. The equation we get in this case is
The solution to this equation is
where Υ = Υ(p 1 , p 2 ) is an arbitrary symmetric function, i.e. Υ(p 1 , p 2 ) = Υ(p 2 , p 1 ). Imposing the quasicocommutativity condition on the remaining states does not fix this freedom either. We can however fix the function B using the |φψ component of said condition, which amounts to restricting B to be an arbitrary antisymmetric function under the exchange of p 1 and p 2 . Nevertheless, when these two restrictions are imposed, the quasi-cocommutativity condition is fulfilled on all the remaining states as well.
The coefficients involved in the coproduct of the boost operator read then
where β(p 1 , p 2 ) = −β(p 2 , p 1 ). Although these expressions seem rather complex and lengthy, there exists a point in the parameter space of braidings where they heavily simplify. This point corresponds to the case x = y, with a constant Υ(p 1 , p 2 ) = 2, and with β(p 1 , p 2 ) = cot p2 2 − cot p1 2 , and the boost takes the form (3.8) where ∆ 0 J A = i∆H A ∆∂ pA and P is the parity operator, i.e., the operator that changes the sign of the momentum. The coproduct of the boost simplifies even more at the particular braiding x = y = 0 if we choose instead β(p 1 , p 2 ) = 0
The two functions that we are not able to fix can be considered ambiguities of the coproduct, as they neither affect the algebra nor the quasi-cocommutativity relation. Their existence can be easily explained from our physical inputs. The first ambiguity arises from the shared structure of the coproduct of the supercharges, where the constraint imposed by [∆J, ∆Q] ] . This is also the reason why it is not enough to impose the |φφ component of the quasi-cocommutativity condition to fix the coproduct of the boost. The second ambiguity originates from the fact that ∆J cannot be fixed only with the data from the algebra and we have to impose the quasi-cocommutativity condition with the R-matrix. As this equation involves the difference between ∆J and ∆ op J, we have the possibility of adding an op-invariant term that does not spoil the commutation relations with the algebra. We will see that other choices of coproducts do not present the first ambiguity, but all of them present the second ambiguity.
If we make both ambiguities explicit, the quasi-cocommutativity relation can be written as
whereβ accounts for the first ambiguity, given bŷ (3.11) for any function β(p 1 , p 2 ) antisymmetric under the exchange of its arguments, andΥ accounts for the second ambiguity, given bŷ (3.12) for any function Υ(p 1 , p 2 ) symmetric under the exchange of its arguments.
Although these ambiguities appear to be inconsequential, they actually seem to encode some information about the structure of the R-matrix. For the case x = y = 0 we can see that the operator encoding the first ambiguity satisfies 9
provided we fix β(p 1 , p 2 ) = i cot p1−p2 2 . This equation has already appeared in the literature [24] as an accidental relation for a choice of ∆J that was not quasi-cocommutative, but annihilated the R-matrix.
Asβ quasi-cocommutes with the R-matrix, this equation can be written in the fashion of an evolution equation for the R-matrix
On the other hand, the operator encoding the second ambiguity fulfils . Notice the lack of R-matrix on the right-hand-side.
Sadly, we still lack a first-principle explanation for the origin of these relations.
It is important to stress that the operator dependence of the second ambiguity,Υ, can be obtained without any knowledge of the R-matrix other than the latter admits a boson-boson highest weight entry.
Although it might seem otherwise, as we require one component of the cocommutativity equation, we can choose it to be one associated to the highest-weight eigenvalue of the R-matrix and use the freedom to multiply the R-matrix by a scalar factor to make such eigenvalue equal to one 10 . If we are able to find a first-principle method to find this equation and a method to fix the correct value of Υ(p 1 , p 2 ), it would be possible to instead compute the R-matrix from the ambiguity using equation (3.15) . We expect in fact that the evolution equations we have found can be solved in the same fashion as was done in [24] in terms of path-ordering exponentials for a suitable choice of contours, which should reproduce the expressions of the R-matrices we started from.
The bosonically unbraided family
The solution to the quasi-cocommutativity condition with respect to the fermionic charges for this family of coproducts is • The subfamily a = −b = c + 2 = −d + 2, which is just the parity transformed of the previous subfamily.
Notice that in all these three cases a + b = c + d. Regarding physical unitarity and crossing, they always hold for the second and third subfamilies but only hold in the first subfamily if a + b = 0.
To compute the coproduct of the boost operator we can use the same ansatz we proposed in the previous section (3.17) and impose it to be consistent with the commutation relations involving the momentum and the supercharges, together with the |φφ component of the quasi-cocommutativity condition for J. 10 It would be interesting to study the issue of normalisation in connection with the physical AdS 3 R-matrix and the relativistic form of the massless dressing factor [11] displayed in [14, 25, 26] .
In contrast to the previous family of coproducts, here we encounter an ambiguity in how to formulate the constraint imposed by the supercharges because the energy and the momentum have different coproducts. The issue boils down to writing the commutation relation of, e.g. Q either as 11 18) which give rise to two different conditions when applied to the coproducts. One might be tempted to think that the action on the energy [∆J, ∆H] = ∆[J, H] can fix the correct form of the coproduct of sin p, but this is impossible as this relation is automatically satisfied whenever the consistency of the coproduct with the action of the boost on the supercharges is imposed.
If we choose the first form, the expressions for the coefficients involved in the coproduct of the boost for consistent R-matrices -namely unitary, braided-unitary and solving the Yang-Baxter equation -i.e.,
for a + b = 0, read
Although these expressions seem rather complex and lengthy, the F and G coefficient simplify heavily when a = −c. If we choose the second form, the expressions for the coefficients involved in the coproduct of the boost for a + b = 0, read
which also heavily simplifies when a = −c.
Finally, let us address now the question of the freedom appearing in the coproduct of the boost.
The freedom which appears here is exclusively the one due to the fact that the quasi-cocommutativity condition fixes ∆J only up to an op-invariant operator. Furthermore, as one of the conditions for this 11 There exist several natural choices which still retain a certain degree of simplicity, however that we will not consider them here. The structure constant is actually proportional to sin p H , so four of the simplest cases come from interpreting sin p as coming from either sin p, H cos p 2 , ∂pH 2 or sin p 2 ∂pH.
ambiguity is to commute with all the elements of the algebra, it is the same for both forms of the algebra (3.18) .
Such freedom is now given bŷ
This operator also encodes information about the R-matrix as in the previous section, however it does so in a different way, fulfilling instead In the same fashion as above, we can use the quasi-cocommutativity of the ambiguity to rewrite (3.20) as an evolution equation for the R-matrix
Once again, this last condition allows to reconstruct the form of the R-matrix knowing the expression ofΥ.
q-deformed algebra and η deformation
In this section we are going to study how the boost operator appears in the case of U q [su(1|1)] algebra, which is related to the η-deformation of AdS 3 × S 3 string theories. We refer to the Introduction for references on the subject. We will supplement the algebra presented in [28] {Q,
with the following action for the boost operator
where α and β are constants depending on the deformation parameter q and the coupling constant h. We elaborate more on these constants and on the relation between this algebra and the kinematics of excitations in (AdS 3 × S 3 ) η in appendix B in order to justify the form of the commutation relations involving the boost operator. The deformation parameter q is related to the usual deformation parameter η in the string theory background as log q = − 2η g(1+η 2 ) , where g is the string tension (notice that h = g in terms of string theory parameters). Furthermore, in the following we are going to identify H = E/2 as we did in the undeformed case. We shall also point out that the representation we will utilise is simply obtained from the one we have been using so far, modulo the simple replacement H(p) → [H(p)] q .
In this section we will study a coproduct characterised by the following braiding of the supercharges
where a, b, c and d are integer numbers. Instead of looking at the general case, here we will only consider two cases: either a = b = −c = d = 1, which will give us a trivial braiding for the energy; and a = b = c = −d = 1, which makes the coproduct of the Cartan element of the algebra consistent with the coproduct of the momentum. The first coproduct and the R-matrix associated to it correspond to the massless limit of the ones studied in [28] (see also [35] ) while the second one has not appeared in the literature yet to our knowledge.
Unbraided energy case
The solution to the quasi-cocommutativity condition with respect to the fermionic charges for the case a = b = −c = d = 1 reads
Notice that this choice of coproduct is compatible with the q-analog structure, meaning that ∆[H] q =
[∆H] q , which implies that the coproduct of the energy is trivial.
To compute the coproduct of the boost operator we can start by writing the ansatz (4.5) and impose it to be consistent with the algebra and the quasi-cocommutativity condition. We have extracted a factor e ±i p 1 +p 2 4 from coefficients C and D for convenience. It is important to stress that imposing just the |φφ component of the quasi-cocommutativity condition (together with consistency with the algebra) is enough to completely fix all the coefficients of this ansatz and make it consistent with the remaining components. Furthermore, following the same reasoning as in the undeformed case, the consistency with the algebra can be reduced to imposing only the commutation relations of the boost with the momentum and the supercharges. Sadly, similarly to the second family of coproducts we studied in the previous section, here we also find the ambiguity arising from the definition of the coproduct of sin p, as it could for instance be interpreted as either sin(∆p),
q , if we only consider relatively simple combinations. We have found that all of these four choices gives us a consistent coproduct of the boost. It would be interesting to investigate more the consequences of this choice.
Here we will only collect the expression for the coefficients A, B and C − D for any choice of this coproduct, referred to as just ∆ sin p,
The reason for choosing these three coefficients are that A is the only coefficient completely independent of the choice of the coproduct of sin p, C − D shows how the ambiguityΥ is still present in this case, and B to exhibit how ∆ sin p enters in the computations.
The ambiguity we have encounter here has the same origin as the second kind of ambiguities that appeared in the undeformed case. In this case it is given bŷ
(4.9)
However, we still have not found a relation between this ambiguity and the R-matrix.
Braided energy case
As in the undeformed case, the q-analog of energy is functionally consistent with the momentum, namely,
However, in contrast with that case, this is the only structure consistent with the momentum due to the non-linearity of it.
The solution to the quasi-cocommutativity condition with respect to the fermionic charges for the case a = b = c = −d = 1 reads
(4.10)
To compute the coproduct of the boost operator we can start by writing the ansatz (4.11) and impose it to be consistent with the algebra and the |φφ component of the quasi-cocommutativity condition. In this case it is more convenient to extract a factor q ± E 1 +E 2 4 from coefficients C and D.
The coefficients involved in the coproduct of the boost read in this case
This case is rather special. Imposing the |φφ component of the quasi-cocommutativity condition to vanish fixes all the functions appearing in our ansatz but the resulting form of the coproduct do not fulfil the remaining components of said condition. Furthermore, theΥ operator does not seems to quasicocommute with the R-matrix. We still do not understand why this happens or why it only happens in this case. However, we suspect that it has to do with the algebra not being coassociative (see the next by the relation 13) for all algebra elements x, with the coassociator Φ being a certain invertible matrix in the triple tensor product space subject to a list of conditions [30, 34] . In our case, given the hypercharge element B defined in equation (2.5) , one can prove that the suitable coassociator is given by 14) where the indices in ω jk refer as usual to the appropriate spaces in the triple tensor product. Notice that one can abstractly write 15) which displays how the coassociator is measuring the departure of the energy-coproduct from the trivial coproduct ∆ trivial (E) = E ⊗ 1 + 1 ⊗ E, which is precisely a measure of the non-group-like nature of ∆q S e α(B−2i1) , (4.16) and on the fact that ω ij is a central element. Moreover, it is easy to see that the coassociator satisfies the properties listed in [30] , and therefore it qualifies the coproduct to constitute a quasi-Hopf algebra.
In particular, by noticing that 17) one can prove the so called pentagon relation
Furthermore, the counit ǫ annihilates all Lie superalgebra elements, hence ǫ(p) = 0 and ǫ(E) = 0 (unlike what happens for grouplike elements, e.g. ǫ(1) = 1), whence one gets 19) in addition to the property already in effect 20) One can see that the antipode relations for the coassociator work as well. To begin with, we notice that our Lie superalgebra generators, say, x, all satisfy the purely Hopf-algebra property
where S is the antipode, η the unit, ǫ the counit and µ the multiplication. This can be applied to the coproduct of the momentum, and one derives
the last property being obtained by using the fact that S is an (anti)homomorphism, and recalling that
For our quasi-bialgebra to be a quasi-Hopf algebra we need to prove that the coassociator satisfies the (simplified) antipode-coassociator relations
where µ(1 ⊗ µ) = µ(µ ⊗ 1) for our associative multiplication (which of the two ways can therefore be chosen as it is most convenient). In order to verify (4.23), it is sufficient to notice how the antipodes acting on the coassociator in the fashion displayed above will always only involve one space at a time where the energy is sitting, hence one will always end up, for both the coassociator and its inverse, evaluating at the exponent combinations such as
We then need to remember that the final result of the multiplications will be to force the evaluation to be on one and the same space, hence eventually one needs to set p 1 = p 2 = p 3 , which annihilates the combination (4.24) , causing all exponents to vanish and completing the proof of (4.23) . This shows that the structure we are dealing with in this section is a true quasi-Hopf algebra.
In much the same vein as the Hopf algebra structure can be generalised to the one of a quasi-Hopf algebra, there is also a non-coassociative generalisation of the quasi-triangularity structure and the Yang-Baxter equation. For a quasi-triangular quasi-Hopf algebra, the universal R-matrix fulfils the generalised Yang-Baxter equation 25) where [34] ). We can easily see that for the coassociative case, this simplifies to the ordinary Yang-Baxter equation.
For the R-matrix we introduced in section 4.2, one can indeed prove that the generalised Yang-Baxter equation holds for the above coassociator. More interestingly, even though we are dealing with a noncoassociative case, this R-matrix also satisfies the regular Yang-Baxter equation. This rather curious result is owed to the structure of the coassociator. Although Φ is not proportional to 1⊗1⊗1, it is diagonal and thus rather simple. The hands-on computation of the generalised Yang-Baxter equation revealed that, evaluated on 3-particle states, each of its components is indeed equal to its regular counterpart times q E/2 factors. To be more precise, let us start with a given 3-particle state |χ 1 χ 2 χ 3 and let us denote the generalised Yang-Baxter equation
A lengthy calculation shows that, indeed, we always encounter the property
denotes the regular Yang-Baxter equation. In particular, this implies that, indeed, for our case the GYBE and YBE are equivalent.
Finally, we can see that the quasi-Hopf structure we have encountered can be reduced to a twist. If a coassociator is induced by a twist F , it can be written as [32, 34] 26) from which is easy to check that the choice F = q B⊗α−α⊗B generates a coassociator of the form 27) for any [α, B] = 0. We can see that the coassociator (4.14) corresponds to setting α = E(p) 8i . Undoing this twist implies stripping the coproduct entirely of all q E/4 factors, leaving only the braiding factors that depend on the momentum. We can clearly see in this example how twists dramatically alter the physics, since removing the non-coassociativity lands us in a completely different model. Nevertheless, we can check that the R-matrix obtained after undoing this twistR = F −1 21 RF 12 (which is still q-dependent, due to the q-deformed algebra representation) fulfils the YBE.
Conclusions
In this article we have studied the boost operator both in the regular su(1|1) algebra and in the qdeformed U q [su(1|1)] algebra, related to string theories in AdS 3 × S 3 and (AdS 3 × S 3 ) η backgrounds, respectively, restricting ourselves to massless particles.
Regarding the su(1|1) algebra, we have constructed the coproduct of the boost operator for the most general allowed coproduct of the algebra. The possible coproducts we can construct for an algebra are restricted to those that give rise to a consistent R-matrix, in the sense that it should be unitary, braided-unitary and fulfil the Yang-Baxter equation. We can divide the possible coproducts into those which have trivial coproduct for the Cartan element (denoted by bosonically unbraided family) and those which have a non-trivial coproduct for the Cartan element (denoted by bosonically braided family). We have found coproduct for the boost operator in both of these families of coproducts. In contrast with the coproduct found in previous articles [22, 24, 25] , and more akin to what [23] studied for massive representations, this coproduct quasi-cocommutes with the R-matrix. Furthermore, we have found that we are not able to completely fix these coproducts and they present some ambiguities. We have no physical arguments we can use to fix them, as they commute with (the coproduct of) all the elements of the algebra and quasi-commute with the R-matrix. However, these ambiguities are intimately related with the R-matrix, as they seem to give rise to some kind of evolution equation for it.
Regarding the U q [su(1|1)] algebra, we have found that a consistent boost operator can be defined for this algebra. We have constructed its coproduct for one particular choice of the coproduct of the algebra and we have found that the same kind of ambiguities that arises in the non-q-deformed algebra also appear here. Despite that, we were not able to find a relation that involves this ambiguity and the R-matrix. We have also studied a second particular choice of coproduct for this algebra with less success, as in this case we were not able to construct a coproduct of the boost that quasi-cocommutes with the full R-matrix. We do not completely understand why the construction fails here, but we think it might be related to the fact that this second coproduct is non-coassociative. Although this non-coassociativity breaks the Hopf algebra structure, the coproduct satisfies a more general structure called quasi-Hopf algebra. It would be interesting to explore more in depth this structure and its physical implications, which might help us understand why we were not able to find a consistent coproduct of the boost in this case.
One open question related to our findings is how the ambiguities give rise to equations for the R-matrix of the form
for the bosonically unbraided and bosonically braided families of coproducts, respectively. We have observed that the operators Υ − Υ op and β − β op fulfil the conditions for being a connection for the parallel transport of an R-matrix enumerated in [25] . We would like to find a first-principle explanation of why these ambiguities behave in such way. This would also help us find a similar relation for the q-deformed case, which we were not able to find.
Another interesting direction we would like to explore is the ambiguity created by the coproduct of sin p. We have not been able to fix it either from first principle or from physical considerations, so we wonder if it can be used to impose further constraints on the form of the R-matrix.
It would be worth analysing a different representation of the boost. Instead of writing in in terms of the derivative of the momentum, we can write it in terms of the derivative of the energy. Assuming that we can construct the coproduct of the boost in this representation, it might provide us information about the R-matrix of the mirror model in the same fashion as this representation give us information about the regular R-matrix.
Finally, this whole construction has been done in the massless limit. Due to their origin, we expect that similar ambiguities in the definition of the coproduct of the boost exist for the massive case. Thus, we plan to revisit the analysis performed in [23] from this new perspective.
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R-matrix and difference form
An R-matrix is of difference form if there exists a variable γ = γ(p) such that R(γ 1 , γ 2 ) = R(γ 2 − γ 1 ), which implies that
where f (p) = ∂p ∂γ . If we take the logarithm of the previous expression and further differentiate with respect to either of the momenta,we get that any given element of the R-matrix, R cd ab should satisfy
and similarly for p 2 . Notice that the left hand side of this expression is independent of p 2 , implying that the right hand side is also independent of p 2 for any given R cd ab , if that component of the R-matrix is of difference form.
Furthermore, this construction provides us with a necessary condition whether or not a specific Rmatrix entry can be recast in difference form, and, if so, it tells us what the variable is in which such entry is of difference form. In particular
where g(p 2 ) is a multiplicative factor that makes the product
Notice that a function with this property will always exists if the right hand side of equation A.2 is independent of p 2 . If this change of variables is the same for every element of the R-matrix, we can write it in difference form.
We have applied this formalism to the R-matrices we have studied in section 3. All of them satisfy equation A.2 and give rise to a consistent change of variables for the diagonal entries. However, only in the bosonically braided case with x + y = 0 and the bosonically unbraided cases can this be extended to the non-diagonal terms, and only for a particular value for each of the braidings. Interestingly, the only case which we cannot write as a difference form, the factor appear in a separate and multiplicative way.
Thus, all the R-matrices we have studied in section 3 can be written in difference form after a correct redefinition of the fermionic charges.
A.1 Undeformed bosonically braided
After following the procedure detailed above, we find that the change of variables p = 4 arccot e γ bring the R-matrix associate to the bosonically braided family of coproducts with x + y = 0 to an R-matrix of the form
Regarding the subfamilies x + y = ±2, the R-matrices cannot be written in difference form in this case, but the change of variables p = 2 arccot e γ make the diagonal entries of difference form 
A.2 Undeformed bosonically unbraided
For the case of bosonically unbraided coproducts with a = −b = c = −d, the transformation we are looking for is p = 2 arcsin(e γ ). After implementing it, the R-matrix takes the form
For the case of bosonically unbraided coproducts with a = −b = c ± 2 = −d ± 2, the transformation p = 4 arccot(e γ ) allow us to write the R-matrix as In this appendix we justify the form of the algebra and the (q-deformed) modified Poincaré structure we used in section 4 to describe excitations in (AdS 3 × S 3 ) η . First of all, we choose the commutation relation between the supercharges to be of the standard form of a q-deformed algebra
In order to compute the action of the boost operator on the momentum and the energy we should start by expressing them in terms of an uniformising rapidity. The dispersion relation for excitation in this deformed setting is given by
where h, m and q, respectively, are the coupling constant, the mass and deformation parameter, and
We can get rid of the mass parameter if we perform the substitutions q → q m , h 2 → h 2 [m] q and E → E/m. This allow us to borrow the construction of the uniformising torus for the (AdS 5 × S 5 ) η space (see, for example, [36] ), and write the momentum and the energy in terms of just one variable ζ In the previous expressions sn, cn and dn are the three fundamental Jacobi elliptic functions, am is the elliptic amplitude, and cs(z, κ) = cn(z,κ) sn (z,κ) . From these equations we get that p = am(ζ + ζ 0 , κ) + am(ζ + ζ 0 , κ) , E = am(ζ + ζ 0 , κ) − am(ζ + ζ 0 , κ) am(2ζ 0 ) , (B.7)
∂ ζ p = dn(ζ + ζ 0 , κ) + dn(ζ + ζ 0 , κ) , [E] q = dn(ζ, κ) dn(ζ 0 , κ) cs 2 (ζ 0 , κ) + dn 2 (ζ 0 , κ) cs 2 (ζ 0 , κ) + dn 2 (ζ, κ) .
where we have used that ∂ ζ am(ζ, κ) = dn(ζ, κ). To relate [∂ ζ , p] = ∂ ζ p with [E] q we need the following identities involving elliptic functions dn(ζ + ζ 0 ) = dn(ζ, κ) dn(ζ 0 , κ) − κ 2 sn(ζ, κ) dn(ζ, κ) sn(ζ 0 , κ) dn(ζ 0 , κ) 1 − κ 2 sn 2 (ζ, κ) sn 2 (ζ 0 , κ) , 1 − dn 2 (ζ, κ) = κ 2 1 − cn 2 (ζ, κ) = κ 2 sn 2 (ζ, κ) , 1 − κ 2 sn 2 (ζ, κ)sn 2 0 = sn 2 (ζ 0 , κ) cs 2 (ζ 0 , κ) + dn 2 (ζ, κ) = sn 2 (ζ, κ) cs 2 (ζ, κ) + dn 2 (ζ 0 , κ) , and, after some algebra, we get [∂ ζ , p] = 2dn(ζ, κ) dn(ζ 0 , κ) 1 − κ 2 sn 2 (ζ, κ) sn 2 (ζ 0 , κ) = 2dn(ζ, κ) dn(ζ 0 , κ) cn 2 (ζ 0 , κ) + dn 2 (ζ, κ) sn 2 (ζ 0 , κ) where we have defined the boost operator in terms of the derivative of the uniformising variable as J = i 2 ∂ ζ . Furthermore, as we will be working in the representation where the left and right algebras act in equivalent ways, we can identify 2H = E. This algebra has been derived independently of the mass parameter m thank to the previous redefinition, thus we can extend it from m = 1 to any value of the mass and, in particular, to the massless case.
